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Abstract
We investigate the structure of the leading IR renormalon singularity in the
QCD/HQET matching coefficients for heavy-light quark currents beyond the large-
β0 limit. From this result, we derive the large-order behaviour of the perturbative
series for these coefficients, and for ratios of meson matrix elements, such as fB∗/fB.
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1 Introduction
The understanding of the structure of the perturbative series has advanced
considerably over the recent years, see the review [1]. It became clear that
perturbative series are at best asymptotic, not even Borel-summable. Based
on an analysis of singularities in the Borel plane, one can obtain the behaviour
of the perturbative series for large L, where L is the order of perturbation
theory. The nearest singularity determines the leading asymptotic behaviour.
Most of the previous investigations use the large-β0 limit, whose relation to
the real QCD is unclear. At the first order in 1/β0, singularities in the Borel
plane are simple poles. At the higher orders, they become branching points.
However, there is an approach [2,3] based on the renormalization group, which
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yields results with a real basis in QCD. Singularities in the Borel plane are
branching points, whose powers are determined by the relevant anomalous
dimensions, but normalization factors cannot be calculated.
Effective field theories make use of the fact that a large scale is present, and
physical quantities can be expanded in inverse powers of this large scale. In
Heavy Quark Effective Theory (HQET, see the textbook [4]), this scale is the
heavy quark mass m. Renormalon singularities in HQET were investigated
in [5,6]. Unlike in QCD, the HQET heavy-quark self-energy has an UV renor-
malon at positive u, namely u = 1
2
, which leads to an ambiguity in the residual
mass term.
A typical matrix element in the full theory, QCD, is expanded in 1/m:
<j> = C<˜>+
1
2m
∑
Bi<Oi>+O
(
1
m2
)
(1.1)
(see (2.8)), with short-distance matching coefficients C,Bi,. . . and long-distance
HQET matrix elements <˜>, <Oi>,. . .
The QCD matrix element <j> contains no renormalon ambiguities, if the op-
erator j has the lowest dimensionality in its channel. 1 In HQET, we separate
short- and long-distance contributions. In schemes without strict separation
of large and small momenta, such as MS, this procedure artificially intro-
duces infrared renormalon ambiguities in matching coefficients and ultraviolet
renormalon ambiguities in HQET matrix elements. When calculating match-
ing coefficients C,. . . , we integrate over all loop momenta, including small
ones. Therefore, they contain, in addition to the main short-distance contri-
butions, also contributions from large distances, where the perturbation the-
ory is ill-defined. They produce infrared renormalon singularities, factorially
growing contributions to coefficients of the perturbative series, which lead to
ambiguities ∼ (ΛQCD/m)n in the matching coefficients C,. . . Similarly, HQET
matrix elements of higher-dimensional operators <Oi>,. . . contain, in addi-
tion to the main large-distance contributions, also contributions from short
distances, which produce ultraviolet-renormalon singularities. They lead to
ambiguities of the order ΛnQCD times lower-dimensional matrix elements (e.g.,
<˜>). These two kinds of renormalon ambiguities have to cancel in physical
full QCD matrix elements <j> (1.1) [7,8].
Although this has been shown explicitly only in the large-β0 limit, it is as-
sumed to hold beyond this approximation. Based on this assumption, one
may obtain additional information on the structure of the infrared renor-
malon singularities of matching coefficients, based on ultraviolet renormalons
1 Otherwise, there may be several ultraviolet renormalons on the positive half-axis,
leading to ambiguities of the order ΛnQCD times lower-dimensional matrix elements.
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in higher-dimensional matrix elements, which are controlled by the renormal-
ization group. This model-independent approach was applied to some simple
HQET problems: the heavy-quark pole mass [9] and the chromomagnetic-
interaction coefficient [10].
In the present paper, we investigate heavy-light quark currents. The asymp-
totic behaviour of the perturbative series for the leading QCD/HQET match-
ing coefficients (due to the nearest infrared renormalon) was studied in [7,11,12] 2
in the large-β0 limit. Here we go beyond this approximation, by using the
renormalization-group based method. The results on 1/m expansions of QCD
heavy-light currents are collected in Sect. 2. We show that the asymptotic
behaviour of the perturbative series for the matching coefficients for all cur-
rents follows from just four distinct cases, two spin-0 currents and two spin-1
ones. These cases are considered in Sects. 3 and 4 in detail. Ratios of meson
matrix elements, such as fB∗/fB, are given by the ratios of the correspond-
ing matching coefficients at the leading order in 1/m. The asymptotics of the
perturbative series for this ratio is discussed in Sect. 5. The large two-loop cor-
rection in this ratio was observed in [11]; here we present model-independent
results for higher orders which continue this trend.
2 Heavy-light currents in QCD and HQET
Heavy Quark Effective Theory (HQET, see the textbook [4]) has greatly ad-
vanced our understanding of many problems in heavy quark physics. Its La-
grangian is [13,14,15]
L = h¯viv ·Dhv + 1
2m
[Ok + Cm(µ)Om(µ)] +O(1/m2) , (2.1)
Ok = −h¯vD2⊥hv , Om =
1
2
h¯vGαβσ
αβhv ,
where hv = /vhv is the heavy-quark field, and D⊥ = D − v(v · D). Due to
reparametrization invariance [16], the kinetic-energy operator Ok is not renor-
malized, and its coefficient is unity to all orders in perturbation theory.
The chromomagnetic-interaction coefficient Cm(µ) can only be computed per-
turbatively, by matching the amplitudes of an appropriate scattering process
2 Note a typo in (4.8) of [11]: denominators of both terms with a should be 2pi, not
pi.
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in QCD and HQET. Solving the renormalization-group equation, we obtain
Cm(µ) = Cˆm
(
αs(µ)
αs(µ0)
)− γm0
2β0
K−γm(αs(µ)) , (2.2)
where αs(µ) is the QCD coupling with nl light flavours in the MS scheme,
β(αs) = −1
2
d logαs
d logµ
= β0
αs
4π
+ β1
(
αs
4π
)2
+ · · · =
(
11
3
CA − 4
3
TFnl
)
αs
4π
+
(
34
3
C2A − 4CFTFnl −
20
3
CATFnl
)(
αs
4π
)2
+ · · ·
and for any anomalous dimension γ(αs) = γ0αs/(4π) + γ1(αs/(4π))
2 + · · · we
define
Kγ(αs) = exp
αs∫
0
(
γ(αs)
2β(αs)
− γ0
2β0
)
dαs
αs
= 1 +
γ0
2β0
(
γ1
γ0
− β1
β0
)
αs
4π
+ · · · (2.3)
The anomalous dimension of the chromomagnetic operator Om is [14,15,17,18]
γm = 2CA
αs
4π
+
4
9
CA(17CA − 13TFnl)
(
αs
4π
)2
+ · · · (2.4)
The full one-loop correction to Cm has been calculated in [14], and the two-
loop correction in [18]. It is convenient to choose
µ0 = e
−5/6m. (2.5)
We have (see [10])
Cˆm = 1 + cm1
αs(µ0)
4π
+ · · · , (2.6)
cm1 = 2CF +
5
2
CA −
(
3CF +
55
6
CA
)
CA
β0
+ (11CF + 7CA)
C2A
β20
.
Operators of full QCD are expanded in 1/m; coefficients of such expansions
are HQET operators with appropriate quantum numbers. In the present paper
we shall consider heavy-light quark currents j0 = q¯0ΓQ0 = Z
′
Γ(α
′
s(µ
′))j(µ′),
where Γ is an antisymmetrized product of n Dirac γ matrices
Γ = γ
[α1
⊥
· · ·γαn]
⊥
or γ
[α1
⊥
· · · γαn−1]
⊥
/v , (2.7)
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which commutes or anticommutes with /v:
/vΓ = σΓ/v , σ = ±1 ,
and γα
⊥
= γα − /vvα. Here α′s(µ) is the QCD coupling with nf = nl + 1
flavours. At the leading order in 1/m, we have only a single HQET current
˜0 = q¯0Γhv0 = Z˜(αs(µ))˜(µ), while to subleading order in 1/m we get
j(µ′) = CΓ(µ
′, µ)˜(µ) +
1
2m
∑
i
BΓi (µ
′, µ)Oi(µ) +O(1/m2) . (2.8)
The solution of the renormalization-group equation for CΓ(µ
′, µ) is
CΓ(µ
′, µ) = CˆΓ
(
α′s(µ
′)
α′s(µ0)
)γ′Γ0
2β′
0
(
αs(µ)
αs(µ0)
)− γ˜0
2β0
K ′γ′
Γ
(α′s(µ
′))K−γ˜(αs(µ)) . (2.9)
Here K ′ involves the nf -flavour β-function β
′. The anomalous dimensions of
˜ and j are
γ˜ = −3CF αs
4π
(2.10)
+ CF
[(
−8
3
π2 +
5
2
)
CF +
(
2
3
π2 − 49
6
)
CA +
10
3
TFnl
] (
αs
4π
)2
+ · · ·
γ′Γ = −2(n− 1)(n− 3)CF
αs
4π
×
{
1 +
[
1
2
(5(n− 2)2 − 19)CF − 13(3(n− 2)2 − 19)CA
] αs
4π
}
− 1
3
(n− 1)(n− 15)CFβ ′0
(
αs
4π
)2
+ · · · (2.11)
where n is the number of γ matrices in Γ (2.7) (of course, the anomalous
dimension of the vector current vanishes to all orders). The anomalous di-
mension γ˜ [19,20,21,22] of the HQET current ˜ does not depend on Γ (the
three-loop term can be found using the method of [23]). The anomalous di-
mension γ′Γ of the QCD current is known to two [11] and three loops [24]. The
full one-loop corrections to CΓ(m,m) were obtained in [13], and two-loop ones
in [11,25]. The renormalization-group invariants CˆΓ are given by perturbative
series in αs(µ0):
CˆΓ = 1 +
∞∑
L=1
cΓL
(
αs(µ0)
4π
)L
, (2.12)
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cΓ1 = CF
{
3
2
(n− 2)2 − η(n− 2)− 13
4
+
[(
−4
3
π2 + 23
4
)
CF +
(
1
3
π2 + 8
)
CA
] 1
β0
− 3
2
(11CF + 7CA)
CA
β20
+
[
5
2
(
(n− 2)2 − 5
)
CF − 13
(
3(n− 2)2 − 4
)
CA
]
(n− 1)(n− 3) 1
β ′0
+ (11CF + 7CA) (n− 1)(n− 3)CA
β ′20
}
,
where η = −σ(−1)n. It will be possible to find cΓ2 from the known two-loop
results for CΓ(m,m) when γ˜2 will be known. In this paper, our aim is to
investigate the behaviour of the coefficients cΓL at L≫ 1.
There are various prescriptions for handling γ5 in dimensional regularization.
Multiplying Γ by the anticommuting γAC5 does not change CΓ. This is not true
for the ’t Hooft–Veltman γHV5 . QCD currents with γ
AC
5 and γ
HV
5 are related
by finite renormalization factors [26,27]:
(
q¯ΓγAC5 Q
)
µ′
= K ′γ′
ΓγAC
5
−γ′
ΓγHV
5
(α′s(µ
′))
(
q¯ΓγHV5 Q
)
µ′
, (2.13)
where the anomalous dimensions γ′
ΓγAC
5
= γ′Γ and γ
′
ΓγHV
5
differ starting from
two loops. In HQET, both currents have the same anomalous dimension
γ˜, and hence the corresponding renormalization factor is unity. Therefore,
CΓγHV
5
(µ′, µ) differs from CΓ(µ
′, µ) only by K ′γ′
Γ
(α′s(µ
′)) in (2.9), and CˆΓγHV
5
=
CˆΓ. For σ
αβ , multiplication by γHV5 is just a Lorentz rotation, and does not
change the anomalous dimension. Therefore,
(
q¯σαβγAC5 Q
)
µ′
=
(
q¯σαβγHV5 Q
)
µ′
,
and Cσ⊥(µ
′, µ) = Cγ⊥/v(µ
′, µ) [11], where σαβ
⊥
= i
2
[γα
⊥
, γβ
⊥
].
There are 8 different Dirac matrices Γ (2.7) in 4-dimensional space. For our
investigation of CˆΓ, we can restrict ourselves to
Γ = 1 , /v , γα
⊥
, γα
⊥
/v , (2.14)
because the other 4 matrices can be obtained from (2.14) by multiplying by
γHV5 .
The 1/m term in the expansion (2.8) was first investigated in [28], where the
one-loop anomalous dimension matrix of dimension-4 operators Oi was found.
The full one-loop corrections to Bi for vector currents (and axial currents with
anticommuting γ5) were given in [29,30]. Some general properties of the match-
ing coefficients Bi and the anomalous dimension matrix of Oi following from
reparametrization invariance and equations of motion were established in [30],
and the two-loop anomalous dimension matrix was calculated in [31,32].
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The sum in (2.8) includes the bilocal terms [33] originating from the insertion
of the subleading terms of the Lagrangian (2.1)
CΓ
∫
dx i T {˜(0), Ok(x) + CmOm(x)} . (2.15)
The states |B>, |B∗> in HQET matrix elements will be understood as the
eigenstates of the leading HQET Hamiltonian with m = ∞; they are m-
independent.
The terms in the sum with the derivative acting on the heavy-quark field can
be obtained from reparametrization invariance [30]. Let Γ = γ[α1 · · · γαn]. It
can be decomposed into the parts commuting and anticommuting with /v:
Γ = Γ+ + Γ− , Γ± =
1
2
(Γ± /vΓ/v) .
The matrix element of the renormalized QCD current q¯ΓQ from the heavy-
quark state with momentum mv to the light-quark state with momentum 0
is
1
2
(
CΓ+ + CΓ−
)
u¯qΓu(mv) +
1
2
(
CΓ+ − CΓ−
)
u¯q/vΓu(mv) . (2.16)
In this equation, we may substitute v → v + k/m:
1
2
(
CΓ+ + CΓ−
)
u¯qΓu(mv + k)
+ 1
2
(
CΓ+ − CΓ−
)
u¯q
(
/v +
/k
m
)
Γu(mv + k) .
Using u(mv+k) = (1 + /k/(2m))uv(k), we obtain the leading term (2.16) plus
1
4m
[(
CΓ+ + CΓ−
)
u¯qΓ/kuv +
(
CΓ+ − CΓ−
)
u¯q (/vΓ/k + 2/kΓ) uv
]
.
Therefore, the q¯Dhv terms in the sum in (2.8) are
1
2
(
CΓ+ + CΓ−
)
q¯Γi /Dhv +
1
2
(
CΓ+ − CΓ−
)
q¯ (/vΓi /D + 2i /DΓ)hv . (2.17)
The coefficients of operators with the derivative acting on the light-quark field
are not determined by general considerations. These coefficients appear first
at the one-loop level. We calculate the matrix element of the QCD current
from the heavy quark with momentum mv to the light quark with momentum
p (with p2 = 0), expanded in p/m to the linear term, and equate it to the
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corresponding HQET matrix element. In HQET, loop corrections contain no
scale, and hence vanish (except, possibly, massive-quark loops, which first
appear at the two-loop level). The QCD matrix element is proportional to
u¯(p)Γ(p,mv)u(mv), where Γ(p,mv) is the bare proper vertex function. At one
loop, it is given by Fig. 1.
mv k +mv k + p p
k
Fig. 1. One-loop matching
If we assume nothing about properties of Γ, then the term linear in p has the
structure
u¯(p)
[∑
i
xiLiΓRi
]
u(mv) (2.18)
with Li×Ri = p · v 1×1, p · v /vγµ×γµ, p · v γµγν×γνγµ, 1×/p, /vγµ×γµ/p. The
coefficients xi can be obtained, by solving a linear system, from the double
traces of Dirac matrices to the left from Γ with L¯j and those to the right from
Γ with R¯j , with L¯j × R¯j = /v/p× (1+/v), γρ/p× (1+/v)γρ, γργσ/v/p× (1+/v)γσγρ,
/v/p × (1 + /v)/p, γρ/p × (1 + /v)/pγρ. Now we can take these double traces of
the integrand of Fig. 1, and express xi via scalar integrals. Their numerators
involve (k · p)n; putting k = (k · v)v + k⊥ and averaging over k⊥ directions in
the (d− 1)-dimensional subspace, we can express them via the factors in the
denominator.
Now we assume
/vΓ = σΓ/v , σ = ±1 , γµΓγµ = 2σhΓ . (2.19)
For our Γ matrices (2.7),
h = η
(
n− d
2
)
, η = −σ(−1)n . (2.20)
Then (2.18) becomes
[
x1 + (x2 + 2x5) · 2h+ x3(2h)2
]
p · v u¯(p)Γu(mv)
+ [x4 − x5 · 2h] u¯(p)Γ/pu(mv) . (2.21)
Performing the simple calculation, we obtain
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u¯(p)Γ(p,mv)u(mv) =
[
1 + CF
g20m
−2ε
(4π)d/2
Γ(ε)cΓ
]
u¯(p)Γuv(0)
+
1
2m
CF
g20m
−2ε
(4π)d/2
Γ(ε)
[
bΓ1 p · v u¯(p)Γuv(0) + bΓ2 u¯(p)Γ/puv(0)
]
, (2.22)
where
cΓ = −(1− h)(d− 2 + 2h)
(d− 2)(d− 3) ,
bΓ1 = −2
(d− 2)(d− 8)− (d− 5)(d− 4 + 2h)h
(d− 2)(d− 3)(d− 5) ,
bΓ2 = 2
d− 2− h
(d− 2)(d− 3) .
The zeroth-order coefficient cΓ has been found in [13,11]; the first-order coef-
ficients for components of the vector current in [29,30].
For Γ = 1, /v, the square bracket in (2.22) becomes bΓ p·v u¯(p)Γuv(0), with b1 =
b11, b/v = b
/v
1+2b
/v
2. We have checked these results by taking the trace of the whole
integrand of Fig. 1 with (1+/v)/p and calculating the integrals. For Γ = γα
⊥
, γα
⊥
/v,
the square bracket in (2.22) becomes bΓ,1 p · v u¯(p)γα⊥uv(0) + bΓ,2pα⊥u¯(p)uv(0),
with bγ⊥,1 = b
γ⊥
1 , bγ⊥,2 = 2b
γ⊥
2 , bγ⊥/v,1 = b
γ⊥/v
1 + 2b
γ⊥/v
2 , bγ⊥/v,2 = −2bγ⊥/v2 . We
have checked these results by taking traces of the integrand with (1 + /v)pα/p
and (1 + /v)γα/p. An additional strong check is provided by the Ward identity:
contracting the vertex function Γα(p,mv) (for Γ = γα) with the momentum
transfer (mv − p)α, we obtain
Γα(p,mv)(mv − p)α = mΓ(p,mv) + Σ(mv) ,
where Γ(p,mv) is the scalar vertex (for Γ = 1), and Σ is the heavy-quark
self-energy. At the first order in p, this leads to
b1 − b/v = 2
(
cγ⊥ − c/v
)
. (2.23)
Our results (2.22) satisfy this requirement.
In order to investigate the asymptotic behaviour of the perturbative series (2.12),
we consider its Borel transform
SΓ(u) =
∞∑
L=1
cΓL
(L− 1)!
(
u
β0
)L−1
, cΓn+1 =
(
β0
d
du
)n
SΓ(u)
∣∣∣∣∣
u=0
. (2.24)
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Formally one can invert this transformation and gets
CˆΓ = 1 +
1
β0
∞∫
0
SΓ(u) exp
(
− 4π
β0αs(µ0)
u
)
du . (2.25)
However, if SΓ(u) has singularities on the integration contour (which is the pos-
itive u axis), then the integral (2.25) is not well-defined, and the series (2.12)
is not Borel-summable. To deal with this singularities some prescription is
needed, leading to ambiguities in CˆΓ.
In the large-β0 limit [11],
SΓ(u) = CF
{
Γ(u)Γ(1− 2u)
Γ(3− u)
[
2(n− 2)2 − 2η(n− 2)u+ 3u2 + u− 5
]
− 2(n− 2)
2 − 5
2u
}
(2.26)
(the results for the components of the vector current were obtained in [7]).
Expanding this SΓ(u) in u reproduces leading large-β0 terms in (2.12) (in
particular, in cΓ1 ). This Borel image has IR renormalon poles at u > 0. The
pole nearest to the origin (and thus giving the largest renormalon ambiguity)
is situated at u = 1
2
:
SΓ(u) =
rΓ
1
2
− u + (regular terms at u =
1
2
) . (2.27)
This leads to an ambiguity in the sum (2.25) of the series (2.12), the natural
measure of which is the residue at the pole:
∆CˆΓ =
rΓ
β0
e5/6
ΛMS
m
,
where ΛMS is for nl flavours. This is commensurate with the 1/m corrections
in (2.8). It is convenient to measure all such ambiguities in terms of the UV
renormalon ambiguity of Λ¯ [5]
∆Λ¯ = −2CF e5/6ΛMS
β0
. (2.28)
Then [11],
∆CˆΓ = −1
3
[
2(n− 2)2 − η(n− 2)− 15
4
]
∆Λ¯
m
. (2.29)
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In the following Sections we shall see that beyond the large-β0 limit SΓ(u) has
a branching point at u = 1
2
rather than the simple pole (2.27). We use the
method based on renormalization group, which will be explained in Sect. 3.
3 Spin-0 currents
In the case of the currents with Γ = 1, /v, the leading term in the expan-
sion (2.8) contains ˜ = q¯hv, and the 1/m correction – four operators
O1 = q¯i /Dhv = i∂α (q¯γ
αhv) ,
O2 = q¯
(
−iv · ←−D
)
hv = −iv · ∂ (q¯hv) ,
O3 = i
∫
dx T {˜(0), Ok(x)} ,
O4 = i
∫
dx T {˜(0), Om(x)} . (3.1)
From (2.15) and (2.17),
B11 = B
1
3 = C1 , B
1
4 = CmC1 ,
B
/v
1 = C/v − 2Cγ⊥ , B/v3 = C/v , B/v4 = CmC/v . (3.2)
The anomalous dimension matrix of the dimension-4 operators (3.1) has the
structure [30]
γ˜ +


0 0 0 0
0 0 0 0
0 γk 0 0
0 γm 0 γm


. (3.3)
The operators O1,2 are renormalized multiplicatively with γ˜ (this fixes the first
two rows); the form of B1,3,4 (3.2) fixes the columns 1, 3, 4. The mixing of the
local operator O2 into the bilocal operators O3,4 is described by [32] (these
anomalous dimensions are called γkin1 and γ
mag
1 + γ
mag
2 + γ
mag
3 in this paper)
γk = −8CF αs
4π
+ CF
[(
−32
9
π2 − 32
3
)
CF
+
(
16
3
π2 − 608
9
)
CA +
160
9
TFnl
] (
αs
4π
)2
+ · · ·
11
γm = 8CF
αs
4π
+ CF
[(
128
9
π2 +
32
3
)
CF
+
(
−32
9
π2 +
548
9
)
CA − 160
9
TFnl
] (
αs
4π
)2
+ · · · (3.4)
The unknown coefficients BΓ2 (µ
′, µ) for Γ = 1, /v are obtained by solving the
renormalization-group equations
∂BΓ2
∂ logµ
= γ˜BΓ2 + γ
kBΓ3 + γ
mBΓ4 , (3.5)
with the initial conditions BΓ2 (m,m) obtained by matching at µ
′ = µ = m.
The ratio BΓ2 (µ
′, µ)/CΓ(µ
′, µ) does not depend on µ′:
BΓ2 (µ
′, µ)
CΓ(µ′, µ)
=
BˆΓ2
CˆΓ
−
αs(µ)∫
αs(µ0)
γk(αs)
2β(αs)
dαs
αs
− Cˆmαs(µ0)
γm0
2β0
αs(µ)∫
αs(µ0)
γm(αs)
2β(αs)
K−γm(αs)α
−
γm0
2β0
s
dαs
αs
(3.6)
(see (2.2)). The renormalization-group invariants BˆΓ2 start from one loop: Bˆ
Γ
2 =
bΓ21αs(µ0)/(4π) + · · ·.
To find BΓ2 (m,m) for Γ = 1, /v with one-loop accuracy, we write down the sum
in (2.8) via the bare operators:
CF
g20m
−2ε
(4π)d/2
Γ(ε)bΓO20 ± O10 +O30 +O40
=
(
CF bΓ − γ
k
0 + γ
m
0
2
)
αs(m)
4πε
O2(m) + (other operators) .
Taking γk0 + γ
m
0 = 0 into account, we see that both bΓ should vanish at ε = 0.
The O(ε) terms of (2.22) give [29,30,34]
B12(m,m) = 8CF
αs(m)
4π
+ · · · , B/v2(m,m) = 12CF
αs(m)
4π
+ · · · ,
and
Bˆ12 = 8CF
αs(µ0)
4π
+ · · · , Bˆ/v2 = 12CF
αs(µ0)
4π
+ · · · (3.7)
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(using γk0 + γ
m
0 = 0).
An exact relation between Bˆ12 and Bˆ
/v
2 can be derived. The QCD vector current
and the scalar one are related by the equations of motion:
i∂αj
α
0 = i∂αj
α = m0j0 = m¯(µ
′)j(µ′) , (3.8)
where
m¯(µ′) = mˆ
(
α′s(µ
′)
α′s(µ0)
)− γ′10
2β′
0
K ′
−γ′
1
(α′s(µ
′))
is the nf -flavour MS running mass, and (2.11) γ
′
1 = −6CFαs/(4π) + · · · is
minus the mass anomalous dimension. We separate jα = (j · v)vα + jα
⊥
and
substitute the expansions (2.8) with (3.1), (3.2). The matrix element of (3.8)
from the heavy quark with momentum mv to the on-shell light quark with
momentum p reads
mC/v(µ
′, µ)

1 + 12m



B/v2(µ′, µ)
C/v(µ′, µ)
+ 2
(
Cγ⊥(µ
′, µ)
C/v(µ′, µ)
− 1
) p · v + r




= m¯(µ′)C1(µ
′, µ)
{
1 +
1
2m
[
B12(µ
′, µ)
C1(µ′, µ)
p · v + r
]}
,
where
r =
<q|i ∫ dx T {˜(µ), (Ok + Cm(µ)Om(µ))x} |Q>− pα<q|˜α(µ)|Q>
<q|˜(µ)|Q> ,
˜α = q¯γαhv. At the leading order in 1/m, this yields [11]
m
m¯(µ′)
=
C1(µ
′, µ)
C/v(µ′, µ)
or
m
mˆ
=
Cˆ1
Cˆ/v
. (3.9)
At the first order, we obtain
B12(µ
′, µ)
C1(µ′, µ)
− B
/v
2(µ
′, µ)
C/v(µ′, µ)
= 2
(
Cγ⊥(µ
′, µ)
C/v(µ′, µ)
− 1
)
or
Bˆ12
Cˆ1
− Bˆ
/v
2
Cˆ/v
= 2
(
Cˆγ⊥
Cˆ/v
− 1
)
. (3.10)
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Note that (2.23) is just the one-loop case of this general result. The one-loop
results (3.7), of course, satisfy this requirement.
As discussed above, these results don’t change if we replace q¯ → q¯γAC5 . Now
the leading term is ˜ = q¯γAC5 hv, and the definitions of Oi (3.1) are changed
accordingly. We define the matrix elements
<0|
(
q¯γAC5 Q
)
µ′
|B> = −imBfPB (µ′) ,
<0|q¯γAC5 γαQ|B> = −ifBpαB , (3.11)
where
fPB (µ
′) = fˆPB
(
α′s(µ
′)
α′s(µ0)
) γ′10
2β′
0
K ′γ′
1
(α′s(µ
′)) . (3.12)
The HQET matrix elements are [35]
<0|˜(µ)|B> = −i√mBF (µ) ,
<0|O1(µ)|B> = −<0|O2|B> = −i√mBΛ¯F (µ) ,
<0|O3(µ)|B> = −i√mBF (µ)Gk(µ) ,
<0|O4(µ)|B> = −i√mBF (µ)Gm(µ) (3.13)
(in [35], Gk and Gm are called 2G1 and 12G2), where Λ¯ = mB − m is the
B-meson residual energy,
F (µ) = Fˆ
(
αs(µ)
4π
) γ˜0
2β0
Kγ˜(αs(µ)) , (3.14)
and Fˆ is µ-independent and is thus just a (non-perturbative) number times
Λ
3/2
MS
. The hadronic parameters Gk,m(µ) obey the renormalization-group equa-
tions
dGk(µ)
d logµ
= γk(αs(µ))Λ¯ ,
dGm(µ)
d logµ
+ γm(αs(µ))Gm(µ) = γ
m(αs(µ))Λ¯ . (3.15)
Their solution is
14
Gk(µ) = Gˆk − Λ¯
[
γk0
2β0
log
αs(µ)
4π
+
αs(µ)∫
0
(
γk(αs)
2β(αs)
− γ
k
0
2β0
)
dαs
αs
]
,
Cm(µ)Gm(µ) = Cˆm
(
αs(µ0)
4π
) γm0
2β0
×
[
Gˆm − Λ¯
αs(µ)∫
0
γm(αs)
2β(αs)
K−γm(αs)
(
αs
4π
)− γm0
2β0 dαs
αs
]
, (3.16)
where Gˆk and Gˆm are again µ-independent and thus are just some (non-
perturbative) numbers times ΛMS.
Taking the matrix element of (2.8), we obtain


fPB (µ
′)
fB

 =
CΓ(µ
′, µ)F (µ)√
mB
×
[
1 +
1
2m
(
CΓΛ(µ)Λ¯ +Gk(µ) + Cm(µ)Gm(µ)
)]
, (3.17)
where Γ = 1, /v, and
C1Λ(µ) = 1−
B12(µ
′, µ)
C1(µ′, µ)
, C
/v
Λ(µ) = 1− 2
Cγ⊥(µ
′, µ)
C/v(µ′, µ)
− B
/v
2(µ
′, µ)
C/v(µ′, µ)
.
Substituting the solutions of the renormalization-group equations, we arrive
at the explicitly µ-independent expressions


fˆPB
fB

 =
(
αs(µ0)
4π
) γ˜0
2β0 CˆΓFˆ√
mB
×

1 + 1
2m

CˆΓΛΛ¯ + Gˆk + CˆmGˆm
(
αs(µ0)
4π
) γm0
2β0



 , (3.18)
where
CˆΓΛ = 1− 2


0
Cˆγ⊥/Cˆ/v

−
BˆΓ2
CˆΓ
− γ
k
0
2β0
log
αs(µ0)
4π
−
αs(µ0)∫
0
(
γk(αs)
2β(αs)
− γ
k
0
2β0
)
dαs
αs
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− Cˆmαs(µ0)
γm0
2β0
αs(µ0)∫
0
γm(αs)
2β(αs)
K−γm(αs)α
−
γm0
2β0
s
dαs
αs
.
At the next-to-leading order,


fˆPB
fB

 =
(
αs(µ0)
4π
) γ˜0
2β0 CˆΓFˆ√
mB
{
1
+
1
2m
[(
− γ
k
0
2β0
log
αs(µ0)
4π
± 1 + γ
m
0
γm0
+ cΓΛ1
αs(µ0)
4π
+ · · ·
)
Λ¯
+ Gˆk + Gˆm
(
αs(µ0)
4π
) γm0
2β0
(
1 + cm1
αs(µ0)
4π
+ · · ·
)]}
, (3.19)
where
cΓΛ1 = (1∓ 1)
(
c
/v
1 − cγ⊥1
)
− bΓ21 +
γm0
γm0
cm1 − γ
k
1 + γ
m
1
2β0
+
β1
(
γk0 + γ
m
0
)
2β20
+
γm0γ
m
1 − γm0 γm1
2β0 (γm0 − 2β0)
(here γk0 + γ
m
0 = 0).
In the large β0 limit, the leading short-distance coefficient CˆΓ in (3.19) has the
IR renormalon ambiguity (2.29). If we change the prescription for calculating
the integral (2.25) near u = 1
2
, we should adjust the hadronic parameters Λ¯,
Gˆk, Gˆm accordingly. The UV renormalon ambiguity of Λ¯ is given by (2.28) in
this limit. The UV renormalon ambiguities of Gk,m(µ) [7]
∆Gk(µ) = −3
2
∆Λ¯ , ∆Gm(µ) = 2∆Λ¯ (3.20)
are µ-independent. We can obtain them by a direct calculation, performing a
similar analysis as in [10], see Appendix A. In the large β0 limit, we obtain
from (3.16) and (3.20)
∆Gˆk = −3
2
∆Λ¯ , ∆Gˆm =
(
2− γ
m
0
γm0
)
∆Λ¯ . (3.21)
In the 1/m expansion for the meson decay constants (3.19), Γ = 1 and /v
correspond to n = 0, η = −1 and n = 1, η = 1 in (2.29), and the IR renor-
malon ambiguities (2.29) are −(3/4)(∆Λ¯/m) and (1/4)(∆Λ¯/m). They cancel
with the UV renormalon ambiguities of the hadronic matrix elements (2.28),
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(3.21) in the 1/m correction in (3.19). In fact, the results (3.20) were first
obtained [7] from the requirement of such cancellation for Γ = /v, γ⊥, by solv-
ing a system of two linear equations, and later confirmed [11] by considering
all possible Γ (this gives three equations, thus providing a consistency check).
Here we demonstrate the cancellation of renormalon ambiguities by a direct
calculation.
This cancellation should hold also beyond the large β0 limit. By dimensional
arguments, the UV renormalon ambiguities of the µ-independent hadronic
parameters Λ¯, Gˆk, Gˆm must be equal to ΛMS times some numbers:
∆Λ¯ = N0∆0 , ∆Gˆk = −3
2
N1∆0 , ∆Gˆm = N2
(
2− γ
m
0
γm0
)
∆0 ,
∆0 = −2CF e5/6ΛMS
β0
. (3.22)
The normalization factors are unity in the large β0 limit, Ni = 1 + O(1/β0);
in general, they are just some unknown numbers of order one. Using
ΛMS = µ0 exp
[
− 2π
β0αs(µ0)
](
αs(µ0)
4π
)− β1
2β2
0
K(αs(µ0)) , (3.23)
K(αs) = exp
αs∫
0
(
1
2β(αs)
− 2π
β0αs
+
β1
2β20
)
dαs
αs
= 1− β0β2 − β
2
1
2β30
αs
4π
+ · · · ,
µ0 = e
−5/6m (2.5), we can represent the UV renormalon ambiguity of the
1/m correction in (3.19) as exp[−2π/(β0αs(µ0))] times a sum of terms with
different fractional powers of αs(µ0)/(4π).
3 In order to cancel this ambiguity,
we should have the branching point
SΓ(u) =
∑
i
ri(
1
2
− u
)1+ai + SregΓ (u) (3.24)
instead of a simple pole (2.27) (here SregΓ (u) is regular at u =
1
2
). We define
the IR renormalon ambiguity of CˆΓ – generalizing the prescription to take the
residue of the pole – to be the integral of (3.24) around the cut divided by
2πi:
∆CˆΓ =
1
β0
exp
[
− 2π
β0αs(µ0)
]∑
i
ri
Γ(1 + ai)
(
β0αs(µ0)
4π
)−ai
. (3.25)
3 It is convenient to replace log[αs(µ0)/(4pi)] → [(αs(µ0)/(4pi))δ − 1]/δ, and take
the limit δ → 0 at the end of calculation.
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The requirement of cancellation of the ambiguities gives
SΓ(u) =
CF(
1
2
− u
)1+ β1
2β2
0
[
1 + cΓ′1
(
1
2
− u
)
+ · · ·
] {
[
− γ
k
0
2β0
(
log
1
2
− u
β0
− ψ
(
1 +
β1
2β20
))
± 1 + γ
m
0
γm0
+ cΓ′Λ1
(
1
2
− u
)
+ · · ·
]
N ′0
− 3
2
N ′1 +
(
2− γ
m
0
γm0
)
N ′2
(
1
2
− u
)γm0
2β0
[
1 + c′m1
(
1
2
− u
)
+ · · ·
]}
, (3.26)
where
N ′0
N0
=
N ′1
N1
= Γ
(
1 +
β1
2β20
)
β
β1
2β2
0
0 ,
N ′2
N2
= Γ
(
1 +
β1
2β20
− γm0
2β0
)
β
β1
2β2
0
−
γm0
2β0
0 ,
cΓ′1 =
2β0
β1
(
cΓ1 −
β0β2 − β21
2β30
)
, cΓ′Λ1 =
2β0
β1
(
cΓΛ1 − 12γk0cΓ′1
)
,
c′m1 =
β0
(
2cm1 + γm0c
Γ′
1
)
β1 − β0γm0 . (3.27)
In the large β0 limit, the formula (3.26) reproduces the known results (2.27),
(2.29).
The asymptotics of cΓL (2.12) at L ≫ 1 is determined by the renormalon
singularity closest to the origin (see (2.24)). At n≫ 1,
Γ(n+ a + 1) = n!na
(
1 +
a(a + 1)
2n
+
a(a2 − 1)(3a+ 2)
24n2
+ · · ·
)
,
and we arrive at
cΓn+1 = 2CF n! (2β0)
n (2β0n)
β1
2β2
0
(
1 +
cΓ′′1
2β0n
+ · · ·
)[
(
γk0
2β0
log 2β0n± 1 + γ
m
0
γm0
+
cΓ′′Λ1
2β0n
+ · · ·
)
N0
− 3
2
N1 +
(
2− γ
m
0
γm0
)
N2(2β0n)
−
γm0
2β0
(
1 +
c′′m1
2β0n
+ · · ·
)]
, (3.28)
where
cΓ′′1 = c
Γ
1 −
2β0β2 − 2β20β1 − 3β21
4β30
, cΓ′′Λ1 = c
Γ
Λ1 + γ
k
0
β1 + β
2
0
2β20
,
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c′′m1 = cm1 − γm0
2(β1 + β
2
0)− β0γm0
4β20
. (3.29)
The result (3.28) is model-independent and the powers of n are exact. However,
the normalization factors Ni cannot be determined within this approach. The
leading term at n → ∞ formally is the logarithmic term, because γm0 is
positive (see (2.4)). At moderate values of n, all leading terms are of similar
importance. The function SregΓ (u) in (3.24) has singularities at u = 1 (IR) and
u = −1 (UV), and thus gives exponentially smaller contributions with (±β0)n
instead of (2β0)
n.
The matrix element of (3.8) is
fPB (µ
′)
fB
=
mB
m¯(µ′)
or
fˆPB
fB
=
mB
mˆ
. (3.30)
Substituting (3.17) (or (3.18)) and using the relation (3.10), we obtain
fPB (µ
′)
fB
=
C1(µ
′, µ)
C/v(µ′, µ)
(
1 +
Λ¯
m
)
or
fˆPB
fB
=
Cˆ1
Cˆ/v
(
1 +
Λ¯
m
)
. (3.31)
The ratio of the quark masses is given by (3.9). Naturally, it contains no 1/m
corrections with B-meson hadronic parameters; it is just a series in αs(µ0),
see the Appendix B. The Borel image of this series is
Sm/mˆ(u) =
2CFN
′
0(
1
2
− u
)1+ β1
2β2
0
[
1 + c
(m/mˆ)′
1
(
1
2
− u
)
+ c
(m/mˆ)′
2
(
1
2
− u
)2
+ · · ·
]
,
c
(m/mˆ)′
1 =
2β0
β1
(
c
(m/mˆ)
1 −
β0β2 − β21
2β30
)
, (3.32)
c
(m/mˆ)′
2 =
4β20
β1(β1 − 2β20)
[
c
(m/mˆ)
2 −
β0β2 − β21
2β30
c
(m/mˆ)
1
− 2β
4
0β3 − β20β22 + β1(β1 − 2β20)(2β0β2 − β21)
8β60
]
,
and the asymptotics of c
(m/mˆ)
L at L≫ 1 is
c
(m/mˆ)
n+1 = 4CFN0 n! (2β0)
n (2β0n)
β1
2β2
0

1 + c(m/mˆ)′′1
2β0n
+
c
(m/mˆ)′′
2
(2β0n)2
+ · · ·

 ,
c
(m/mˆ)′′
1 = c
(m/mˆ)
1 −
2β0β2 − 2β20β1 − 3β21
4β30
, (3.33)
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c
(m/mˆ)′′
2 = c
(m/mˆ)
2 −
2β0β2 + 2β
2
0β1 − 3β21
4β30
c
(m/mˆ)
1
− 24β
4
0β3 − 12β20β22 + β1(β1 − 2β20)(36β0β2 − 27β21 − 10β20β1 − 8β40)
96β60
.
These results are equivalent to [9].
We can try to estimate the unknown normalization constantN0 following [36,37].
The function
S˜m/mˆ(u) = (1− 2u)
1+
β1
2β2
0 Sm/mˆ(u) , Sm/mˆ(u) =
∞∑
L=1
c
(m/mˆ)
L
(L− 1)!
(
u
β0
)L−1
still has a singularity at u = 1
2
due to SregΓ (u) in (3.24), but has a finite limit
at u → 1
2
− 0. The radius of convergence of its expansion in u is thus 1
2
, but
the series should converge at u = 1
2
. Therefore, we can calculate S˜m/mˆ
(
1
2
)
,
and hence N0 (3.32), from this expansion. Substituting c
(m/mˆ)
L for L ≤ 3 from
Appendix B, we find
N0 = 0.288 · (1 + 0.075 + 0.630 + · · ·) ≈ 0.491 . (3.34)
The three-loop correction turns out to be large, which casts some doubt on
this estimate of N0.
4 Spin-1 currents
In the case of the currents with Γ = γα
⊥
, γα
⊥
/v, the leading term in the expan-
sion (2.8) contains ˜α = q¯γα
⊥
hv, and the 1/m correction – six operators
Oα1 = q¯iD
αhv ,
Oα2 = q¯i /Dγ
α
⊥
hv = i∂β
(
q¯γβγα
⊥
hv
)
,
Oα3 = q¯
(
−i←−Dα
⊥
)
hv ,
Oα4 = q¯
(
−iv · ←−D
)
γα
⊥
hv = −iv · ∂ (q¯γα⊥hv) ,
Oα5 = i
∫
dx T {˜α(0), Ok(x)} ,
Oα6 = i
∫
dx T {˜α(0), Om(x)} . (4.1)
Note that
Oα1 − Oα3 = i∂α⊥(q¯hv) . (4.2)
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From (2.15) and (2.17),
Bγ⊥1 = 2C/v , −Bγ⊥2 = Bγ⊥5 = Cγ⊥ ,
Bγ⊥6 = CmCγ⊥ ,
−1
2
B
γ⊥/v
1 = B
γ⊥/v
2 = B
γ⊥/v
5 = Cγ⊥/v ,
B
γ⊥/v
6 = CmCγ⊥/v . (4.3)
The anomalous dimension matrix of the dimension-4 operators (4.1) has the
structure [30]
γ˜ +


0 0 γa γb 0 0
0 0 0 0 0 0
0 0 γa γb 0 0
0 0 0 0 0 0
0 0 0 γk 0 0
0 0 γm1 γ
m
2 0 γm


. (4.4)
The operators Oα2,4 are renormalized multiplicatively with γ˜, which determines
the second and the fourth row. The same holds forOα1−Oα3 (4.2), and hence the
first and the third rows coincide. Furthermore, the form of B1,2,5,6 (see (4.3))
fixes the columns 1, 2, 5, 6. Renormalization of the operators (4.1) is discussed
in Appendix C in detail.
The unknown coefficients BΓ3,4(µ
′, µ) for Γ = γ⊥, γ⊥/v are obtained by solving
the renormalization-group equations
∂BΓ3
∂ logµ
= (γ˜ + γa)B
Γ
3 + γaB
Γ
1 + γ
m
1 B
Γ
6 ,
∂BΓ4
∂ logµ
= γ˜BΓ4 + γb
(
BΓ1 +B
Γ
3
)
+ γkBΓ5 + γ
m
2 B
Γ
6 (4.5)
(where (2.11) γ′γ⊥/v = 2CFαs/(4π)+ · · ·) with the initial conditions BΓ3,4(m,m)
obtained by matching. The ratios BΓi (µ
′, µ)/CΓ(µ
′, µ) don’t depend on µ′:
BΓ3 (µ
′, µ)
CΓ(µ′, µ)
=
(
αs(µ)
αs(µ0)
)− γa0
2β0
K−γa(αs(µ))
[
BˆΓ3
CˆΓ
−


Cˆ/v/Cˆγ⊥
−1

αs(µ0)
−
γa0
2β0
αs(µ)∫
αs(µ0)
γa(αs)
β(αs)
Kγa(αs)α
γa0
2β0
s
dαs
αs
(4.6)
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− Cˆmαs(µ0)
γm0−γa0
2β0
αs(µ)∫
αs(µ0)
γm1 (αs)
2β(αs)
Kγa−γm(αs)α
γa0−γm0
2β0
s
dαs
αs
]
,
BΓ4 (µ
′, µ)
CΓ(µ′, µ)
=
BˆΓ4
CˆΓ
−
αs(µ)∫
αs(µ0)
γb(αs)
2β(αs)

BΓ3
CΓ
∣∣∣∣∣
αs
+ 2


Cˆ/v/Cˆγ⊥
−1



 dαs
αs
−
αs(µ)∫
αs(µ0)
γk(αs)
2β(αs)
dαs
αs
− Cˆmαs(µ0)
γm0
2β0
αs(µ)∫
αs(µ0)
γm2 (αs)
2β(αs)
K−γm(αs)α
−
γm0
2β0
s
dαs
αs
(4.7)
(in the last formula, the running BΓ3 (µ
′, µ)/CΓ(µ
′, µ) corresponding to the
integration variable αs is understood).
To find BΓ3,4(m,m) for Γ = γ⊥, γ⊥/v with the one-loop accuracy, we write down
the sum in (2.8) via the bare operators:
CF
g20m
−2ε
(4π)d/2
Γ(ε) (bΓ,2O
α
30 + bΓ,1O
α
40)±O10 ∓O20 +O50 +O60
=
αs(m)
4πε
[(
CF bΓ,2 ∓ γa0 − γ
m
10
2
)
Oα3 (m)
+
(
CF bΓ,1 ∓ γb0 − γ
k
0 + γ
m
20
2
)
Oα4 (m) + (other operators)
]
.
The values of bΓ,i at ε = 0 have to cancel these anomalous dimensions. The
O(ε) terms of (2.22) give
Bγ⊥3 (m,m) = 4CF
αs(m)
4π
+ · · · , Bγ⊥4 (m,m) = −4CF
αs(m)
4π
+ · · · ,
B
γ⊥/v
3 (m,m) = 2CF
αs(m)
4π
+ · · · , Bγ⊥/v4 (m,m) = −6CF
αs(m)
4π
+ · · ·
The results for Γ = γ⊥ were obtained in [29,30]; those for Γ = γ⊥/v are new.
Using the one-loop anomalous dimensions, we get
Bˆγ⊥3 =
2
3
CF
αs(µ0)
4π
+ · · · , Bˆγ⊥4 = 6CF
αs(µ0)
4π
+ · · · ,
Bˆ
γ⊥/v
3 =
26
3
CF
αs(µ0)
4π
+ · · · , Bˆγ⊥/v4 =
2
3
CF
αs(µ0)
4π
+ · · · (4.8)
We define the matrix elements
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<0|q¯γαQ|B∗> = mB∗fB∗eα ,
<0|
(
q¯σαβQ
)
µ′
|B∗> = ifTB∗(µ′)
(
eαpβB∗ − eβpαB∗
)
, (4.9)
fTB∗(µ
′) = fˆTB∗
(
α′s(µ
′)
α′s(µ0)
) γ′σ0
2β′
0
K ′γ′σ(α
′
s(µ
′)) ,
where eα is the B∗-meson polarization vector.
The HQET matrix elements are [35]
<0|˜α(µ)|B∗> = √mB∗F (µ)eα , (4.10)
<0|Oα2 (µ)|B∗> = <0|Oα4 (µ)|B∗> = −
√
mB∗Λ¯F (µ)e
α .
The matrix elements of Oα1 and O
α
3 are equal, due to (4.2). However, the
formulae [35] for these matrix elements hold only at the leading order. Let’s
define
<0|Oα1 (µ)|B∗> = <0|Oα3 (µ)|B∗> = −
1
3
√
mB∗Λ¯F (µ)R(αs(µ))e
α , (4.11)
where R = 1 +O(αs). It obeys the renormalization-group equation
dR
d logµ
+ γaR + 3γb = 0 . (4.12)
Following [35], we define
<0|OΓ1 (µ)|M> =
F2(µ)
2
Tr γα
⊥
ΓM , (4.13)
where OΓ1 is defined in (C.1),M = B or B
∗, andM is the corresponding Dirac
structure. If we take Γ = γαΓ
′, then
<0|OΓ1 (µ)|M> =
3
2
F2(µ) Tr Γ
′M .
Taking into account (C.8) and
<0|O′1(µ)|M> = <0|O′2(µ)|M> = −
1
2
Λ¯F (µ) Tr Γ′M ,
we obtain at the next-to-leading order
F2(µ) = −1
3
Λ¯F (µ)R(αs(µ)) , R(αs) = 1 +
1
3
γa0
αs
4π
+O(α2s) . (4.14)
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The general result for R(αs) can be derived by solving (4.12) and requiring the
absence of fractional powers of αs (or by requiring that (4.14) is reproduced):
R(αs) = Kγa(αs)

1 + α γa02β0s
αs∫
0
(
3γb(αs)
2β(αs)
K−γa(αs) +
γa0
2β0
)
α
−
γa0
2β0
s
dαs
αs

 .(4.15)
The matrix element of Oα5 is [35]
<0|Oα5 (µ)|B∗> =
√
mB∗F (µ)Gk(µ)e
α . (4.16)
However, the formulae [35] for the matrix element of Oα6 hold only at the
leading order. Following [35], we define
<0|Om3 (µ)|M> =
1
12
F (µ)G(µ) TrΓ
1 + /v
2
σµνMσµν , (4.17)
where Om3 is defined in (C.9). The B-meson matrix element Gm(µ) (3.13) is,
at the next-to-leading order (C.14),
Gm(µ) = G(µ) +
1
2
(γm10 + 5γ
m
20)
αs(µ)
4π
Λ¯ . (4.18)
For B∗ we define
<0|Oα6 |B∗> = −
1
3
[
Gm(µ) +Rm(αs(µ))Λ¯
]√
mB∗F (µ)e
α , (4.19)
where at the next-to-leading order (C.18)
Rm(αs) = − (γm10 + 4γm20)
αs
4π
+O(α2s) . (4.20)
It obeys the renormalization-group equation
dRm
d logµ
+ γmRm + γ
m + γm1 R + 3γ
m
2 = 0 . (4.21)
Its solution (which contains no fractional powers of αs and reproduces (4.20))
is
Rm(αs) = Kγm(αs)α
γm0
2β0
s (4.22)
×
αs∫
0
γm(αs) + γ
m
1 (αs)R(αs) + 3γ
m
2 (αs)
2β(αs)
K−γm(αs)α
−
γm0
2β0
s
dαs
αs
.
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Taking the matrix element of (2.8), we obtain


fB∗
fTB∗(µ
′)

 =
CΓ(µ
′, µ)F (µ)√
mB∗
×
[
1 +
1
2m
(
CΓΛ(µ)Λ¯ +Gk(µ)− 13Cm(µ)Gm(µ)
)]
, (4.23)
where Γ = γ⊥, γ⊥/v, and
CΓΛ(µ) = ±1 −
BΓ4 (µ
′, µ)
CΓ(µ′, µ)
− 1
3

2


C/v(µ
′, µ)/Cγ⊥(µ
′, µ)
−1

+
BΓ3 (µ
′, µ)
CΓ(µ′, µ)

R(αs(µ))
− 1
3
Cm(µ)Rm(µ) .
Substituting the solutions of the renormalization-group equations, we arrive
at the µ-independent expressions


fB∗
fˆTB∗

 =
(
αs(µ0)
4π
) γ˜0
2β0 CˆΓFˆ√
mB∗
×

1 + 1
2m

CˆΓΛΛ¯ + Gˆk − 13CˆmGˆm
(
αs(µ0)
4π
) γm0
2β0



 , (4.24)
where
CˆΓΛ = ±1−
BΓ4 (µ
′, µ)
CΓ(µ′, µ)
− 1
3

2


C/v(µ
′, µ)/Cγ⊥(µ
′, µ)
−1

+
BΓ3 (µ
′, µ)
CΓ(µ′, µ)

R(αs(µ))
− γ
k
0
2β0
log
αs(µ)
4π
−
αs(µ)∫
0
(
γk(αs)
2β(αs)
− γ
k
0
2β0
)
dαs
αs
− 1
3
Cm(µ)Rm(αs(µ))
+
1
3
Cˆmαs(µ0)
γm0
2β0
αs(µ)∫
0
γm(αs)
2β(αs)
K−γm(αs)α
−
γm0
2β0
s
dαs
αs
. (4.25)
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At first sight, it is not obvious that CˆΓΛ does not depend on µ. However,
differentiating it in log µ and taking into account the renormalization-group
equations (4.5), (4.12), (4.21), we obtain zero. Therefore, the expression with
µ = µ0 can be used:
CˆΓΛ = ±1−
BˆΓ4
CˆΓ
− 1
3

2


Cˆ/v/Cˆγ⊥
−1

+
BˆΓ3
CˆΓ
K−γa(αs(µ0))

R(αs(µ0))
− γ
k
0
2β0
log
αs(µ0)
4π
−
αs(µ0)∫
0
(
γk(αs)
2β(αs)
− γ
k
0
2β0
)
dαs
αs
− 1
3
CˆmK−γm(αs(µ0))Rm(αs(µ0))
+
1
3
Cˆmαs(µ0)
γm0
2β0
αs(µ0)∫
0
γm(αs)
2β(αs)
K−γm(αs)α
−
γm0
2β0
s
dαs
αs
. (4.26)
Comparing this with (4.25), we can rewrite BΓ4 (µ
′, µ)/CΓ(µ
′, µ) in a form which
seems different from (4.7) but is equal to it:
BΓ4 (µ
′, µ)
CΓ(µ′, µ)
=
BˆΓ4
CˆΓ
− 1
3

2


Cˆ/v/Cˆγ⊥
−1

+
BΓ3 (µ
′, µ)
CΓ(µ′, µ)

R(αs(µ))
+
1
3

2


Cˆ/v/Cˆγ⊥
−1

+
BˆΓ3
CˆΓ
K−γa(αs(µ0))

R(αs(µ0))
− γ
k
0
2β0
log
αs(µ)
αs(µ0)
−
αs(µ)∫
αs(µ0)
(
γk(αs)
2β(αs)
− γ
k
0
2β0
)
dαs
αs
− 1
3
Cm(µ)Rm(αs(µ)) +
1
3
CˆmK−γm(αs(µ0))Rm(αs(µ0))
+
1
3
Cˆmαs(µ0)
γm0
2β0
αs(µ)∫
αs(µ0)
γm(αs)
2β(αs)
K−γm(αs)α
−
γm0
2β0
s
dαs
αs
(4.27)
(to convince oneself that this is equivalent to (4.7), one can check that they
coincide at µ = µ0, and that (4.27) obeys the renormalization-group equa-
tion (4.5).)
At the next-to-leading order,
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

fB∗
fˆTB∗

 =
(
αs(µ0)
4π
) γ˜0
2β0 CˆΓFˆ√
mB∗
{
1
+
1
2m
[(
− γ
k
0
2β0
log
αs(µ0)
4π
+
1
3
(
±1− γ
m
0
γm0
)
+ cΓΛ1
αs(µ0)
4π
+ · · ·
)
Λ¯
+ Gˆk − 1
3
Gˆm
(
αs(µ0)
4π
) γm0
2β0
(
1 + cm1
αs(µ0)
4π
+ · · ·
)]}
, (4.28)
where
cΓΛ1 =
1
3
(1± 1)
(
cγ⊥1 − c/v1
)
− 1
3
bΓ31 − bΓ41 − 13
γm0
γm0
cm1 ∓ 29γa0 + 13γm10 + 43γm20
− γ
k
1 − 13γm1
2β0
+
β1
(
γk0 − 13γm0
)
2β20
− γm0γ
m
1 − γm0 γm1
6β0 (γm0 − 2β0) .
In the large-β0 limit, the IR renormalon ambiguities ∆CˆΓ (2.29) for Γ =
γ⊥, γ⊥/v (having n = 1, η = −1 and n = 2, η = 1) are (11/12)(∆Λ¯/m)
and (5/4)(∆Λ¯/m). They cancel with the UV renormalon ambiguities of the
hadronic matrix elements (2.28), (3.21) in the 1/m correction in (4.28).
The Borel images are
SΓ(u) =
CF(
1
2
− u
)1+ β1
2β2
0
[
1 + cΓ′1
(
1
2
− u
)
+ · · ·
] {
[
− γ
k
0
2β0
(
log
1
2
− u
β0
− ψ
(
1 +
β1
2β20
))
+
1
3
(
±1− γ
m
0
γm0
)
+ cΓ′Λ1
(
1
2
− u
)
+ · · ·
]
N ′0
− 3
2
N ′1 −
1
3
(
2− γ
m
0
γm0
)
N ′2
(
1
2
− u
)γm0
2β0
[
1 + c′m1
(
1
2
− u
)
+ · · ·
]}
,(4.29)
(see (3.27)), and the perturbative coefficients at n≫ 1 are
cΓn+1 = 2CF n! (2β0)
n (2β0n)
β1
2β2
0
(
1 +
cΓ′′1
2β0n
+ · · ·
)[
(
γk0
2β0
log 2β0n +
1
3
(
±1− γ
m
0
γm0
)
+
cΓ′′Λ1
2β0n
+ · · ·
)
N0
− 3
2
N1 − 1
3
(
2− γ
m
0
γm0
)
N2(2β0n)
−
γm0
2β0
(
1 +
c′′m1
2β0n
+ · · ·
)]
(4.30)
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(see (3.29)).
The ratio fˆTB∗/fB∗ at the leading order in 1/m is given by the perturbative
series in αs(µ0) with
c
(fˆT
B∗
/fB∗ )
1 = CF
[
−1
2
+
(
25
2
CF − 43CA
) 1
β ′0
− (11CF + 7CA) CA
β ′20
]
, (4.31)
c
(fˆT
B∗
/fB∗ )
2 = CF
{
−
(
1
3
π2 + 1
4
)
β ′0 +
(
2ζ3 +
8
3
π2 log 2− 35
9
π2 + 139
24
)
CF
+
(
−4ζ3 − 43π2 log 2 + 239 π2 − 13516
)
CA +
(
−4
3
π2 + 46
9
)
TF
+
[(
32ζ3 − 3376
)
C2F +
(
−78ζ3 + 1514
)
CFCA +
(
42ζ3 − 13136
)
C2A
− 250
9
CFTF +
80
27
CATF
]
1
β ′0
+
(
625
8
C3F +
461
6
C2FCA +
2375
36
CFC
2
A − 51148 C3A
+ 220
9
CFCATF +
140
9
C2ATF
) 1
β ′20
− 1
6
(
75C2F + 25CFCA + 21C
2
A
)
(11CF + 7CA)
CA
β ′30
+ 1
2
CF (11CF + 7CA)
2 C
2
A
β ′40
}
(from the result in [11], omitting the mc 6= 0 effect, and the three-loop anoma-
lous dimension γ′σ of the tensor current [24]). This ratio is, from (4.24),
fˆTB∗
fB∗
=
Cˆγ⊥/v
Cˆγ⊥
[
1− Λ¯
3m
(
1 + c
(fˆT
B∗
/fB∗ )
Λ1
αs(µ0)
4π
+ · · ·
)]
, (4.32)
c
(fˆT
B∗
/fB∗ )
Λ1 =
3
2
(
c
γ⊥/v
Λ1 − cγ⊥Λ1
)
= −8CF .
Therefore, the Borel image of the perturbative series is
SfˆT
B∗
/fB∗
(u) = −2
3
CFN
′
0(
1
2
− u
)1+ β1
2β2
0
[
1 + c
(fˆT
B∗
/fB∗ )′
1
(
1
2
− u
)
+ · · ·
]
, (4.33)
c
(fˆT
B∗
/fB∗ )′
1 =
2β0
β1
(
c
fˆT
B∗
/fB∗
Λ1 + c
fˆT
B∗
/fB∗
1 −
β0β2 − β21
2β30
)
,
and the asymptotics of c
(fˆT
B∗
/fB∗ )
L at L≫ 1 is
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c
(fˆT
B∗
/fB∗ )
n+1 = −
4
3
CFN0 n! (2β0)
n (2β0n)
β1
2β2
0

1 + c
(fˆT
B∗
/fB∗ )′′
1
2β0n
+ · · ·

 , (4.34)
c
(fˆT
B∗
/fB∗ )′′
1 = c
(fˆT
B∗
/fB∗ )
Λ1 + c
(fˆT
B∗
/fB∗ )
1 −
2β0β2 − 2β20β1 − 3β21
4β30
.
5 Results and conclusion
Our main result is for the ratio of two (in principle) measurable quantities,
fB∗/fB. It is given by the perturbative series in αs(µ0) with
c
(fB∗/fB)
1 = −2CF , (5.1)
c
(fB∗/fB)
2 = CF
[
−3β ′0 +
(
−8ζ3 + 163 π2 log 2− 649 π2 + 313
)
CF
+
(
4ζ3 − 83π2 log 2 + 83π2 − 6
)
CA +
(
16
9
π2 − 200
9
)
TF
]
.
(from [11], omitting the mc 6= 0 effect). This ratio is, from (3.19) and (4.28),
fB∗
fB
=
Cˆγ⊥
Cˆ/v
{
1 +
2
3m
[(
1− γ
m
0
γm0
+ c
(fB∗/fB)
Λ1
αs(µ0)
4π
+ · · ·
)
Λ¯
− Gˆm
(
αs(µ0)
4π
) γm0
2β0
(
1 + cm1
αs(µ0)
4π
+ · · ·
)]}
, (5.2)
where
c
(fB∗/fB)
Λ1 =
3
4
(
cγ⊥Λ1 − c/vΛ1
)
= 6CF
[
−1 − 4
3
CF
CA
+
8(4π2 + 3)CF − (8π2 − 93)CA
27(β0 − CA)
]
.
The Borel image of the perturbative series is
SfB∗/fB(u) =
4
3
CF(
1
2
− u
)1+ β1
2β2
0
[(
1− γ
m
0
γm0
+ c
(fB∗/fB)′
Λ1
(
1
2
− u
)
+ · · ·
)
N ′0
−
(
2− γ
m
0
γm0
)
N ′2
(
1
2
− u
)γm0
2β0
(
1 + c
(fB∗/fB)′
m1
(
1
2
− u
)
+ · · ·
)]
, (5.3)
where
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c
(fB∗/fB)′
Λ1 =
2β0
β1
[
c
(fB∗/fB)
Λ1 +
(
1− γ
m
0
γm0
)
c
(fB∗/fB)′
1
]
,
c
(fB∗/fB)′
m1 =
2β0
β1 − β0γm0
(
cm1 + c
(fB∗/fB)′
1
)
,
c
(fB∗/fB)′
1 = c
(fB∗/fB)
1 −
β0β2 − β21
2β30
.
The asymptotics of the coefficients is
c
(fB∗/fB)
n+1 =
8
3
CF n! (2β0)
n(2β0n)
β1
2β2
0
[1− γm0
γm0
+
c
(fB∗/fB)′′
Λ1
2β0n
+ · · ·

N0
−
(
2− γ
m
0
γm0
)
N2(2β0n)
−
γm0
2β0

1 + c(fB∗/fB)′′m1
2β0n
+ · · ·

] , (5.4)
where
c
(fB∗/fB)′′
Λ1 = c
(fB∗/fB)
Λ1 +
(
1− γ
m
0
γm0
)(
c
(fB∗/fB)′
1 +
β1(β1 + 2β
2
0)
4β30
)
,
c
(fB∗/fB)′′
m1 = cm1 + c
(fB∗/fB)′
1 +
(β1 − β0γm0)(β1 + 2β20 − β0γm0)
4β30
.
Substituting the parameters, we have the perturbative series
fB∗
fB
= 1− 2
3
αs(µ0)
π
−
(
−1
9
ζ3 +
2
27
π2 log 2 +
4
81
π2 +
115
36
)(
αs(µ0)
π
)2
+ · · ·+O
(
ΛMS
mb
)
. (5.5)
The asymptotics (5.4) becomes
c
(fB∗/fB)
n+1 = −
224
81
n!
(
50
3
)n (50
3
n
) 231
625
{[
1− 2
25
(
π2 +
924493
250000
)
1
n
+ · · ·
]
N0
+
2
7
N2
(
50
3
n
)− 9
25
(
1 +
40157
3125000
1
n
+ · · ·
)}
. (5.6)
Definite quantitative predictions cannot be made, because the normalization
coefficients N0,2 are unknown. To have some idea about the growth of the
coefficients, we present them in Table 1. The coefficients cL/4
L of αs(µ0)/π are
given in three columns. The first column shows the exactly known ones (5.5).
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The second column shows the results of the large-β0 limit. The Borel image
SfB∗/fB(u) in this limit is, from (2.26),
SfB∗/fB(u) = −4CF
Γ(1 + u)Γ(1− 2u)
Γ(3− u) . (5.7)
Expanding it at u = 0 (2.24), we get
c
(fB∗/fB)
1 = −2CF , c(fB∗/fB)2 = −3CFβ0 , c(fB∗/fB)3 = −CF
(
4
3
π2 + 7
)
β20 ,
c
(fB∗/fB)
4 = −3CF
(
8ζ3 + 2π
2 + 15
2
)
β30 ,
c
(fB∗/fB)
5 = −CF
(
144ζ3 +
24
5
π4 + 28π2 + 93
)
β40 ,
c
(fB∗/fB)
6 = −CF
(
1440ζ5 + 160π
2ζ3 + 840ζ3 + 36π
4 + 150π2 + 945
2
)
β50 , . . .
This limit reproduces c
(fB∗/fB)
1 and the β0-term of c
(fB∗/fB)
2 (5.1). Finally, the
third column shows the asymptotics (5.6) at N0 = N2 = 1. Let’s stress once
more that this is not the result of QCD, but simply a numerical illustration
of the typical behaviour of the perturbative coefficients. The large-β0 result
includes not just the pole at u = 1
2
, but the whole function SfB∗/fB(u) (5.7). In
contrast to this, the asymptotics (5.6) is determined by the nearest singularity
at u = 1
2
only, but includes all powers of β0, not just the highest one. To show
the rate of convergence of the 1/n expansion (5.6), the asymptotic result is
also expressed via the leading term and the 1/n correction. One can see that
the accuracy of our next-to-leading order results at L . 10 is not high. Finally,
the last column shows the complete L-loop contribution to fB∗/fB, according
to (5.6) with N0 = N2 = 1. We use the value αs(e
−5/6mb) = 0.299 obtained
by RunDec [38]. The smallest contribution seems to be the 3-loop one, and it
is about 4% (though this small value is due to a partial cancellation between
the leading order and the next-to-leading one, and thus is not quite reliable).
Therefore, calculation of this 3-loop correction is meaningful (and it is actually
possible, using the technique of [39,40]), while there would be no sense in the
4-loop calculation.
For the ratio m/mˆ, we obtain (from the Appendix B)
m
mˆ
= 1 + 891
1058
αs(µ0)
π
+
(
−173
138
ζ3 +
1
9
π2 log 2 + 1
9
π2 + 168550145
40297104
)(αs(µ0)
π
)2
+
(
−188
27
a4 +
50225
4968
ζ5 − 1439432 π2ζ3 − 4396763438012 ζ3 − 47162 log4 2− 1481π2 log2 2
− 402485
85698
π2 log 2 + 461
7776
π4 + 220317449
20567520
π2 + 17341442069927
767418048576
)(αs(µ0)
π
)3
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Table 1
The perturbative series for fB∗/fB
L
−c(fB∗/fB)L /4L −cont.
exact large β0 asymptotic
1 0.67 0.67
2 4.06 2.08
3 29.17 47.26 = 95 · (1− 0.501) 0.0406
4 333.26 902.44 = 1363 · (1− 0.338) 0.0736
5 6342.19 18699.42 = 25103 · (1− 0.255) 0.1450
6 128998.30 449431.53 = 565332 · (1− 0.205) 0.3311
+ · · ·+O
(
ΛMS
mb
)
. (5.8)
The asymptotics (3.33) becomes
c
(m/mˆ)
n+1 =
16
3
N0 n!
(
50
3
)n (50
3
n
) 231
625
[
1 +
688161953
1653125000
1
n
(5.9)
+
(
− 880261
7187500
ζ3 +
4
625
π2 log 2 +
4
625
π2 +
8332134087653830381
49190800781250000000
)
1
n2
]
.
It depends on just one normalization constantN0. In the large-β0 limit, from (2.26)
we obtain [5]
Sm/mˆ(u) = 6CF
[
Γ(u)Γ(1− 2u)
Γ(3− u) (1− u)−
1
2u
]
, (5.10)
and
c
(m/mˆ)
1 =
3
2
CF , c
(m/mˆ)
2 = CF
(
π2 + 3
4
)
β0 , c
(m/mˆ)
3 = CF
(
12ζ3 + π
2 + 3
4
)
β20 ,
c
(m/mˆ)
4 = 3CF
(
6ζ3 +
3
5
π4 + 1
2
π2 + 3
8
)
β30 ,
c
(m/mˆ)
5 = 3CF
(
144ζ5 + 16π
2ζ3 + 12ζ3 +
6
5
π4 + π2 + 3
4
)
β40 ,
c
(m/mˆ)
6 = CF
(
720ζ23 + 1080ζ5 + 120π
2ζ3 + 90ζ3 +
244
21
π6 + 9π4 + 15
2
π2 + 45
8
)
β50 , . . .
(the terms with the highest powers of β0 in the Appendix B are reproduced).
Numerical results are shown in Table 2. For L = 3, the 1/(L − 1) expan-
sion (5.9) seems to converge well; comparison with the exact 3-loop result
from Appendix B suggests that the normalization factor N0 is smaller that its
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large-β0 value 1, namely, N0 ≈ 0.27. This conclusion is in a qualitative agree-
ment with the estimate (3.34), especially if we omit the problematic 3-loop
correction in it.
Table 2
The perturbative series for m/mˆ
L
c
(m/mˆ)
L /4
L
cont.
exact large β0 asymptotic
1 0.84 0.5
2 4.53 7.37
3 56.37 36.23 209.88 = 169 · (1 + 0.208 + 0.032) 0.180
4 641.71 2833.12 = 2457 · (1 + 0.139 + 0.014) 0.231
5 9062.48 50650.18 = 45543 · (1 + 0.104 + 0.008) 0.393
6 206941.30 1121489.20 = 1030382 · (1 + 0.083 + 0.005) 0.826
Finally, our last ratio (4.31) is
fˆTB∗
fB∗
= 1− 707
3174
αs(µ0)
π
−
(
− 77
138
ζ3 +
1
27
π2 log 2 + 5
81
π2 + 102436609
120891312
)(αs(µ0)
π
)2
+ · · ·+O
(
ΛMS
mb
)
. (5.11)
The asymptotics (4.34) becomes
c
(fˆT
B∗
/fB∗ )
n+1 = −
16
9
N0 n!
(
50
3
)n (50
3
n
) 231
625
(
1− 792338047
1653125000
1
n
+ · · ·
)
.(5.12)
It also depends on just one normalization constant N0. In the large-β0 limit,
from (2.26), SfˆT
B∗
/fB∗
(u) differs from (5.10) by the factor −1
3
(this reproduces
the terms with the highest powers of β0 in (4.34)). Numerical results are shown
in Table 3.
If we neglect subleading αs corrections, then, from (4.32) and (3.31),
fˆTB∗/fB∗ =
(
fˆPB /fB
)−1/3
. (5.13)
This equality also holds at the first order in 1/β0, to all orders of αs. There-
fore, the ratio of the perturbative coefficients (5.12) and (5.9) is −1
3
, up to
corrections suppressed by 1/n and 1/β0. Similarly, if we neglect subleading αs
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Table 3
The perturbative series for fˆTB∗/fB∗
L
−c(fˆ
T
B∗
/fB∗)
L /4
L
−cont.
exact large β0 asymptotic
1 0.22 0.17
2 1.04 2.46
3 12.08 42.88 = 56 · (1− 0.240) 0.0368
4 213.90 688.14 = 819 · (1− 0.160) 0.0561
5 3020.83 13361.95 = 15181 · (1− 0.120) 0.1036
6 68980.43 310536.81 = 343461 · (1− 0.096) 0.2288
corrections, including those suppressed by [αs/(4π)]
γm0/(2β0), then, from (5.2)
and (3.31),
fB∗/fB =
(
fˆPB /fB
)−α
, α = −2
3
(
1− γ
m
0
γm0
)
=
14
27
.
Therefore, the leading asymptotics of the perturbative series for fB∗/fB (5.6)
and m/mˆ (5.9) are related by
fB∗/fB = (m/mˆ)
−α . (5.14)
The term with N2 in (5.6) violating this relation is suppressed not only by
(2β0n)
−9/25, but also by a small numerical factor 2
7
. This approximate relation
was first noted empirically at the 2-loop level in [11], with the exponent α = 1
2
,
which is very close to 14/27.
Let’s summarize our main results.
(1) The behaviour of the Borel images of perturbative series near the leading
singularity u = 1
2
for the matching coefficients (3.26), (4.29), and for the
ratios m/mˆ (3.32), fˆTB∗/fB∗ (4.33), and fB∗/fB (5.3) has been found. The
powers of 1
2
− u are exact; further corrections are suppressed by positive
integer powers of 1
2
−u. The normalization factors N0,1,2 cannot be found
within this approach; they are some unknown numbers of order unity.
Logarithmic branching is a new feature of this problem; it follows from
the fact that the anomalous dimensions matrices cannot be diagonalized.
(2) Asymptotics of perturbative coefficients cL at L ≫ 1 for the matching
coefficients (3.28), (4.30), and for the same ratios (3.33), (4.34), (5.4) have
been found. The powers of n = L − 1 are exact; further corrections are
suppressed by positive integer powers of 1/n. Logarithmic terms follow
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from the same property of the anomalous dimensions.
(3) The coefficients B12 and B
/v
2 of the subleading operator O2 for the currents
with Γ = 1 and /v are related by (3.10). One-loop results for the generic
Γ (2.22) and for the tensor current (4.8) are also new.
(4) The heavy-quark symmetry relations [35] forB- andB∗-meson matrix ele-
ments of subleading operators get non-trivial radiative corrections (4.14),
(4.20).
Note added. The three-loop anomalous dimension of the heavy-light quark
current γ˜2 has been calculated recently [48]. Therefore, the coefficients c
Γ
2
in (2.12) are now known, for all Γ.
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A UV renormalon ambiguities in the large-β0 limit
Ultraviolet contributions to the matrix elements of O3,4 are independent of the
external states, and we may use quark instead of hadron states (see (3.13)). By
dimensional analysis, the UV renormalon ambiguities of the matrix elements of
O3,4 are proportional to ∆Λ¯ times the matrix element of the lower-dimensional
operator ˜ with the same external states. We consider transition from an off-
shell heavy quark with residual energy ω < 0 to a light quark with zero
momentum, this is enough to ensures the absence of IR divergences. For O3,
all loop corrections to the vertex function (see Fig. A.1) vanish. The kinetic-
energy vertices contain no Dirac matrices, and we may take 1
4
of the trace on
the light-quark line; this yields kα at the vertex, and the gluon propagator
with insertions is transverse. There is one more contribution [10], which we
have to take into account. The matrix element F of ˜ should be multiplied by
the heavy-quark wave-function renormalization Z
1/2
h , which contains a kinetic-
energy contribution. This contribution is known to have an UV renormalon
ambiguity [10]
∆Zh = −3
2
∆Λ¯
m
,
thus giving −(3/4)(∆Λ¯/m)F as the ambiguity of the matrix element of O3.
This must be equal to F ·∆Gk/(2m), and we recover the first result in (3.20).
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ω k 0
k
Fig. A.1. Matrix element of O3; renormalon chains are inserted into the gluon prop-
agators
For O4, a straightforward calculation of the diagram similar to the first one in
Fig. A.1 gives the bare matrix element of the usual form (see [11,10])
Γ

1 + 1
β0
∞∑
L=1
F (ε, Lε)
L
(
β
ε+ β
)L
+O
(
1
β20
)

with β = β0αs(µ)/(4π),
F (ε, u) = −2dΓCFCbarem
ω
m
(
µ
−2ω
)2u
eγε
uΓ(−1 + 2u)Γ(1− u)
Γ(2 + u− ε) D(ε)
u
ε
−1 ,
where
D(ε) = 6eγεΓ(1 + ε)B(2− ε, 2− ε) = 1 + 5
3
ε+ · · · ,
σµνΓ
1 + /v
2
σµν
1 + /v
2
= 2dΓΓ
1 + /v
2
,
dΓ =
1
2
[
(1− 2η(n− 2))2 − 3
]
.
The renormalization-group invariant matrix element has the form (2.25) with
µ0 = −2ωe−5/6 and
S(u) =
F (0, u)− F (0, 0)
u
∣∣∣∣∣
µ=µ0
= −2dΓCFCm(−2ω) ω
m
(
Γ(−1 + 2u)Γ(1− u)
Γ(2 + u)
+
1
2u
)
.
Taking the residue at the pole u = 1
2
, we find the UV renormalon ambiguity
(dΓ/3)Cm(−2ω)(∆Λ¯/m) times the matrix element of ˜. For B-meson, dΓ = 3;
comparing with (3.17) gives the second result in (3.20).
36
B The perturbative series for m/mˆ
The ratio of the on-shell mass m and the renormalization-group invariant MS
mass mˆ is the series
m
mˆ
= 1 +
∞∑
L=1
c
(m/mˆ)
L
(
αs(µ0)
4π
)L
in the nl-flavour αs(µ0) (µ0 = e
−5/6m). Using the relation [41,39] 4 between
m and m¯(m) (omitting the mc effect known at two loops [41]) together with
the 4-loop β-function [43] and the mass anomalous dimension [44,45], as well
as [46,47]
αs(m) = α
′
s(m)

1 + 1
9
(32CA − 39CF )TF
(
α′s(m)
4π
)2
+ · · ·

 ,
we obtain
c
(m/mˆ)
1 = CF
[
3
2
−
(
15
2
CF + 8CA
) 1
β ′0
+ 3 (11CF + 7CA)
CA
β ′20
]
,
c
(m/mˆ)
2 = CF
{(
π2 + 3
4
)
β ′0 +
(
−6ζ3 − 8π2 log 2 + 5π2 + 1218
)
CF
+
(
12ζ3 + 4π
2 log 2− 5π2 + 149
16
)
CA +
(
4π2 − 46
3
)
TF
+
[
69
2
C2F +
(
66ζ3 − 1694
)
CFCA +
(
−66ζ3 + 13112
)
C2A
+ 50
3
CFTF +
160
9
CATF
] 1
β ′0
+ 1
48
(
1350C3F + 504C
2
FCA − 3948CFC2A − 483C3A
− 3520CFCATF − 2240C2ATF
) 1
β ′20
+ 3
2
(
−15C2F − 5CFCA + 7C2A
)
(11CF + 7CA)
CA
β ′30
+ 9
2
CF (11CF + 7CA)
2 C
2
A
β ′40
}
,
c
(m/mˆ)
3 = CF
{(
12ζ3 + π
2 + 3
4
)
β ′20
+
[(
128a4 + 100ζ3 +
16
3
log4 2 + 32
3
π2 log2 2− 32π2 log 2
4 The three-loop coefficient in it had been found numerically [42] before the ana-
lytical result [39] was obtained.
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− 22
9
π4 + 47
2
π2 + 383
6
)
CF
+
(
−64a4 − 61ζ3 − 83 log4 2− 163 π2 log2 2 + 16π2 log 2
+ 2
9
π4 + 13
3
π2 + 1513
48
)
CA
+
(
48ζ3 − 49π2 − 223
)
TF
]
β ′0
+
(
768a4 + 80ζ5 + 4π
2ζ3 + 305ζ3 + 32 log
4 2− 32π2 log2 2
− 508π2 log 2 + 4
3
π4 + 673
3
π2 + 7595
48
)
C2F
+
(
−384a4 − 200ζ5 + 76π2ζ3 + 10ζ3 − 16 log4 2 + 16π2 log2 2
+ 794
3
π2 log 2− 2
3
π4 − 1315
6
π2 − 73579
288
)
CFCA
+
(
30ζ5 − 51π2ζ3 − 150ζ3 − 163 π2 log 2 + 52π4 + 1396 π2 + 4318
)
C2A
+
(
944
3
ζ3 +
64
3
π2 log2 2− 896
9
π2 log 2− 56
9
π4 + 2602
27
π2 − 2029
18
)
CFTF
+
(
40ζ5 − 8π2ζ3 − 4243 ζ3 − 323 π2 log2 2− 18569 π2 log 2
+ 28
9
π4 + 4972
27
π2 − 3733
18
)
CATF
+
(
−64
15
π2 + 1640
27
)
T 2F + 4(6ζ3 + 7)CFF
+
[(
−67ζ3 + 60π2 log 2− 752 π2 − 758948
)
C3F
+
(
−440ζ5 + 111ζ3 + 34π2 log 2 + 612 π2 + 1433596
)
C2FCA
+
(
220ζ5 − 201ζ3 − 32π2 log 2 + 61π2 − 417572
)
CFC
2
A
+
(
220ζ5 + 175ζ3 +
27583
432
)
C3A
+
(
−30π2 − 275
6
)
C2FTF +
(
−880
3
ζ3 − 32π2 + 37129
)
CFCATF
+
(
880
3
ζ3 +
1858
27
)
C2ATF − 100027 CFT 2F − 320081 CAT 2F
+ 264(ζ3 − 1)CFFCA − 16(21ζ3 − 2)CFA
]
1
β ′0
+
[
−4815
16
C4F +
(
−693ζ3 − 264π2 log 2 + 165π2 + 29554
)
C3FCA
+
(
1205ζ3 − 36π2 log 2− 60π2 + 6105748
)
C2FC
2
A
+
(
428ζ3 + 84π
2 log 2− 105π2 − 49189
96
)
CFC
3
A +
(
−616ζ3 + 7638
)
C4A
− 125C3FTF +
(
132π2 − 1559
3
)
C2FCATF +
(
84π2 − 3775
9
)
CFC
2
ATF
− 4739
18
C3ATF +
4400
27
CFCAT
2
F +
2800
27
C2AT
2
F +
(
−3872
3
ζ3 +
5324
9
)
CFFC
2
A
+
(
4576
3
ζ3 − 14089
)
CFACA +
(
−704
3
ζ3 +
80
9
)
CAA
]
1
β ′20
+
[
−1125
16
C5F + 1656C
4
FCA +
(
2178ζ3 +
785
8
)
C3FC
2
A
38
−
(
792ζ3 +
132323
96
)
C2FC
3
A −
(
1386ζ3 +
2219
4
)
CFC
4
A +
147
4
C5A
+ 1100C3FCATF +
3200
3
C2FC
2
ATF − 280CFC3ATF − 9803 C4ATF
]
1
β ′30
+ 1
16
(
1350C4F − 2664C3FCA − 6140C2FC2A + 637CFC3A + 784C4A
− 3520C2FCATF − 2240CFC2ATF
)
(11CF + 7CA)
CA
β ′40
+ 9
4
CF
(
−15C2F + 6CFCA + 14C2A
)
(11CF + 7CA)
2 C
2
A
β ′50
+ 9
2
C2F (11CF + 7CA)
3 C
3
A
β ′60
,
where a4 = Li4
(
1
2
)
, and
CFF =
dabcdF d
abcd
F
T 2FNA
, CFA =
dabcdF d
abcd
A
TFNA
, CAA =
dabcdA d
abcd
A
NA
(see notations in [43,45]). For SU(Nc) with TF =
1
2
,
CFF =
N4c − 6N2c + 18
24N2c
, CFA =
Nc(N
2
c + 6)
24
, CAA =
N2c (N
2
c + 36)
24
.
C Renormalization of dimension-4 operators
As discussed in [31], three operators
OΓ1 = q¯iD
αΓhv , O
Γ
2 = q¯
(
−i←−Dα
⊥
)
Γhv ,
OΓ3 = q¯
(
−iv · ←−D
)
γα
⊥
/vΓhv = −iv · ∂ (q¯γα⊥/vΓhv) (C.1)
are closed under renormalization for any Γ (note that OΓ1 −OΓ2 = i∂α⊥ (q¯Γhv)).
We have OΓ0 = Z(αs(µ))O
Γ(µ), where
Z = Z˜ +


0 Za Zb
0 Za Zb
0 0 0

 , Z
−1 = Z˜−1 +


0 Z¯a Z¯b
0 Z¯a Z¯b
0 0 0

 ,
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γ = γ˜ +


0 γa γb
0 γa γb
0 0 0

 . (C.2)
If we take Γ = γαΓ
′, then
OΓ10 = O
′
10 , O
Γ
20 = O
′
20 , O
Γ
30 = (3− 2ε)O′20 , (C.3)
where
O′1 = i∂α (q¯γ
αΓ′hv) , O
′
2 = iv · ∂ (q¯/vΓ′hv) . (C.4)
Of course, O′0 = Z˜(αs(µ))O
′(µ). We obtain
OΓ1 (µ) = O
′
1(µ) + Z˜
(
Z¯a + (3− 2ε)Z¯b
)
O′2(µ) ,
OΓ2 (µ) =
[
1 + Z˜
(
Z¯a + (3− 2ε)Z¯b
)]
O′2(µ) ,
OΓ3 (µ) = 3O
′
2(µ) . (C.5)
Therefore, Z˜
(
Z¯a + (3− 2ε)Z¯b
)
must be finite at ε → 0. This allows one to
reconstruct γb from γa:
γb = −1
3
(γa +∆γa) , ∆γa =
1
3
γa0 (γa0 − 2β0)
(
αs
4π
)2
+O(α3s) . (C.6)
The anomalous dimensions γa,b has been calculated in [31] with the two-loop
accuracy (they are called γ2,4 in this paper):
γa = 3CF
αs
4π
+ CF
[(
4
3
π2 − 5
)
CF
+
(
−1
3
π2 +
41
3
)
CA − 10
3
TFnl
] (
αs
4π
)2
+ · · · (C.7)
The finite parts, at the next-to-leading order, are
OΓ1 (µ) = O
′
1(µ) +
1
3
γa0
αs(µ)
4π
O′2(µ) ,
OΓ2 (µ) =
[
1 +
1
3
γa0
αs(µ)
4π
]
O′2(µ) ,
OΓ3 (µ) = 3O
′
2(µ) . (C.8)
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Note that OΓ10 = O
′
10, but O
Γ
1 (µ) 6= O′1(µ): additional counterterms in (C.5)
yield a finite contribution, because of the O(ε) term in (C.3).
As discussed in [32], two operators
Ok1 = q¯
(
−iv · ←−D
)
Γhv , O
k
2 = i
∫
dx T {q¯Γhv, Ok(x)}
are closed under renormalization for any Γ, and have
Z = Z˜ +

 0 0
Zk 0

 , Z−1 = Z˜−1 +

 0 0
Z¯k 0

 , γ = γ˜ +

 0 0
γk 0

 .
For Γ = 1, these operators are O2,3 (3.1); for Γ = γ
α
⊥
, they are Oα4,5 (4.1). This
explains the relevant pieces of (3.3), (4.4).
Three operators
Om1 = −14 q¯
(
−iv · ←−D
)
σµνΓ(1 + /v)σ
µνhv ,
Om2 = −14 q¯
(
−i←−D ν
)
iγµ/vΓ(1 + /v)σ
µνhv ,
Om3 = i
∫
dx T {q¯Γhv, Om(x)} (C.9)
are closed under renormalization for any Γ. Note that the indices µ, ν live in
the subspace orthogonal to v, due to /vhv = hv. These operators have [32]
Z =


Z˜ 0 0
Zb Z˜ + Za 0
Zmb Z
m
a Z˜Zm

 , Z
−1 =


Z˜−1 0 0
Z¯b Z˜
−1 + Z¯a 0
Z¯mb Z¯
m
a Z˜
−1Z−1m

 ,
γ = γ˜ +


0 0 0
γb γa 0
γmb γ
m
a γm

 . (C.10)
The first two operators in (C.9) are (C.1) OΓ
′
3 and O
Γ′
2 with Γ
′
α = −14 iγµ/vΓ(1+
/v)σµα; therefore, the upper left 2× 2 blocks in (C.10) follow from (C.2).
In the case Γ = 1, the operators (C.9) are related to (3.1):
Om10 = −(1− ε)(3− 2ε)O20 , Om20 = −(1− ε)O20 , Om30 = O40 . (C.11)
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We have
Om3 (µ) = O4(µ) (C.12)
+
[
Z˜−1Z−1m Z
m − (1− ε)Z˜
(
Z¯ma + (3− 2ε)Z¯mb
)]
O2(µ) .
Therefore,
Z˜−1Z−1m Z
m − (1− ε)Z˜
(
Z¯ma + (3− 2ε)Z¯mb
)
must be finite at ε → 0. This allows one to reconstruct γm in (3.3) from γma,b
in (C.10):
γm = −γma − 3γmb +∆γm , (C.13)
∆γm =
[
1
2
(γm0 − 2β0) (γma0 + 5γmb0)− 13γa0γma0
] (αs
4π
)2
+O(α3s) .
The finite part, at the next-to-leading order, is
Om3 (µ) = O4(µ) +
1
2
(γma0 + 5γ
m
b0)
αs(µ)
4π
O2(µ) . (C.14)
In the case Γ = γα
⊥
, the operators (C.9) are related to (4.1):
Om10 = (1− ε)(1 + 2ε)Oα40 , Om20 = (1− 2ε)Oα30 + εOα40 ,
Om30 = O
α
60 . (C.15)
We have
Om3 (µ) = O
α
6 (µ) (C.16)
+
[
Z˜−1Z−1m Z
m
1 + (1− 2ε)(Z˜ + Za)Z¯ma
]
Oα3 (µ)
+
[
Z˜−1Z−1m Z
m
2 +
(
(1− 2ε)Zb + εZ˜
)
Z¯ma + (1− ε)(1 + 2ε)Z˜Z¯mb
]
Oα4 (µ) .
Therefore,
Z˜−1Z−1m Z
m
1 + (1− 2ε)(Z˜ + Za)Z¯ma
and
Z˜−1Z−1m Z
m
2 +
(
(1− 2ε)Zb + εZ˜
)
Z¯ma + (1− ε)(1 + 2ε)Z˜Z¯mb
42
must be finite at ε→ 0. This allows one to reconstruct γm1,2 in (4.4) from γma,b
in (C.10):
γm1 = γ
m
a +∆γ
m
1 , γ
m
2 = γ
m
b +∆γ
m
2 , (C.17)
∆γm1 = γ
m
a0 (γa0 − γm0 + 2β0)
(
αs
4π
)2
+O(α3s) ,
∆γm2 =
[
1
2
(γm0 − 2β0) (γma0 + γmb0)− 13γa0γma0
] (αs
4π
)2
+O(α3s) .
The finite part, at the next-to-leading order, is
Om3 (µ) = O
α
6 (µ)− γma0
αs(µ)
4π
Oα3 (µ) +
1
2
(γma0 + γ
m
b0)
αs(µ)
4π
Oα4 (µ) . (C.18)
The anomalous dimensions γm1,2 has been calculated in [32] with the two-loop
accuracy (they are called γmag3,1 in this paper):
γm1 = −2CF
αs
4π
+ CF
[(
−8
9
π2 +
4
3
)
CF
+
(
2
9
π2 − 206
9
)
CA +
52
9
TFnl
] (
αs
4π
)2
+ · · ·
γm2 = −2CF
αs
4π
+ CF
[(
−40
9
π2 − 10
3
)
CF
+
(
10
9
π2 +
46
9
)
CA − 44
9
TFnl
] (
αs
4π
)2
+ · · · (C.19)
The anomalous dimension γm (3.4) is, from (C.13) and (C.17),
γm = −γm1 − 3γm2 +∆γ , (C.20)
∆γ =
[
(γm0 − 2β0) (γm10 + 4γm20)− 13γa0γm10
] (αs
4π
)2
+O(α3s) .
References
[1] M. Beneke, Phys. Reports 317 (1999) 1.
[2] G. Parisi, Phys. Lett. B 76 (1978) 65.
[3] M. Beneke, V.M. Braun, N. Kivel, Phys. Lett. B 404 (1997) 315.
[4] A.V. Manohar, M.B.Wise, Heavy Quark Physics, Cambridge University Press
(Cambridge, 2000).
43
[5] M. Beneke, V.M. Braun, Nucl. Phys. B 426 (1994) 301.
[6] I. Bigi, M.A. Shifman, N.G. Uraltsev, A.I. Vainshtein, Phys. Rev. D 50 (1994)
2234.
[7] M. Neubert, C.T. Sachrajda, Nucl. Phys. B 438 (1995) 235.
[8] M.E. Luke, A.V. Manohar, M.J. Savage, Phys. Rev. D 51 (1995) 4924.
[9] M. Beneke, Phys. Lett. B 344 (1995) 341.
[10] A.G. Grozin, M. Neubert, Nucl. Phys. B 508 (1997) 311.
[11] D.J. Broadhurst, A.G. Grozin, Phys. Rev. D 52 (1995) 4082.
[12] M. Neubert, Phys. Rev. D 51 (1995) 5924.
[13] E. Eichten, B. Hill, Phys. Lett. B 234 (1990) 511.
[14] E. Eichten, B. Hill, Phys. Lett. B 243 (1990) 427.
[15] A.F. Falk, B. Grinstein, M.E. Luke, Nucl. Phys. B 357 (1991) 185.
[16] M.E. Luke, A.V. Manohar, Phys. Lett. B 286 (1992) 348.
[17] G. Amoro´s, M. Beneke, M. Neubert, Phys. Lett. B 401 (1997) 81.
[18] A. Czarnecki, A.G. Grozin, Phys. Lett. B 405 (1997) 142.
[19] M.B. Voloshin, M.A. Shifman, Sov. J. Nucl. Phys. 45 (1987) 292.
[20] H.D. Politzer, M.B. Wise, Phys. Lett. B 206 (1988) 681; 208 (1988) 504.
[21] X. Ji, M.J. Musolf, Phys. Lett. B 257 (1991) 409.
[22] D.J. Broadhurst, A.G. Grozin, Phys. Lett. B 267 (1991) 105.
[23] A.G. Grozin, J. High Energy Phys. 03 (2000) 013.
[24] J.A. Gracey, Phys. Lett. B 488 (2000) 175.
[25] A.G. Grozin, Phys. Lett. B 445 (1998) 165.
[26] T.L. Trueman, Phys. Lett. B 88 (1979) 331.
[27] S.G. Gorishny, S.A. Larin, Phys. Lett. B 172 (1986) 109;
S.A. Larin, J.A.M. Vermaseren, Phys. Lett. B 259 (1991) 345;
S.A. Larin, in Quarks-92, ed. D.Yu. Grigoriev, V.A. Matveev, V.A. Rubakov,
P.G. Tinyakov, World Scientific (Singapore,1993) 201; Phys. Lett. B 303 (1993)
113.
[28] A.F. Falk, B. Grinstein, Phys. Lett. B 247 (1990) 406.
[29] M. Golden, B. Hill, Phys. Lett. B 254 (1991) 225.
[30] M. Neubert, Phys. Rev. D 49 (1994) 1542.
44
[31] G. Amoro´s, M. Neubert, Phys. Lett. B 420 (1998) 340.
[32] T. Becher, M. Neubert, A.A. Petrov, Nucl. Phys. B 611 (2001) 367.
[33] M.E. Luke, Phys. Lett. B 252 (1990) 447.
[34] P. Ball, Nucl. Phys. B 421 (1994) 593.
[35] M. Neubert, Phys. Rev. D 46 (1992) 1076.
[36] T. Lee, Phys. Rev. D 56 (1997) 1091; Phys. Lett. B 462 (1999) 1.
[37] A. Pineda, JHEP 06 (2001) 022.
[38] K.G. Chetyrkin, J.H. Ku¨hn, M. Steinhauser, Comput. Phys. Commun. 133
(2000) 43.
[39] K. Melnikov, T. van Ritbergen, Phys. Lett. B 482 (2000) 99.
[40] K. Melnikov, T. van Ritbergen, Nucl. Phys. B 591 (2000) 515.
[41] N. Gray, D.J. Broadhurst, W. Grafe, K. Schilcher, Zeit. Phys. C 48 1990 673.
[42] K.G. Chetyrkin, M. Steinhauser, Phys. Rev. Lett. 83 (1999) 4001; Nucl. Phys.
B 573 (2000) 617.
[43] T. van Ritbergen, J.A.M. Vermaseren, S.A. Larin, Phys. Lett. B 400 (1997)
379.
[44] K.G. Chetyrkin, Phys. Lett. B 404 (1997) 161.
[45] J.A.M. Vermaseren, S.A. Larin, T. van Ritbergen, Phys. Lett. B 405 (1997)
327.
[46] S.A. Larin, T. van Ritbergen, J.A.M. Vermaseren, Nucl. Phys. B 438 (1995)
278.
[47] K.G. Chetyrkin, B.A. Kniehl, M. Steinhauser, Nucl. Phys. B 510 (1998) 61.
[48] K.G. Chetyrkin, A.G. Grozin, hep-ph/0303113, Nucl. Phys. B, in print.
45
